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1 Introduction. 



To expansions of topological and uniform spaces as inverse limits several 
works were devoted [|, |, |, |, ^ g |, |10|, 0, Irreducible polyhedral 



expansions over the field R were very important in 0, ^, |T2[. In the case 
of locally compact groups expansions into inverse limits of Lie groups were 
investigated in [|l^, |2l|. Such inverse mapping systems expansions may be 
used for the proof of isomorphisms of definite locally convex spaces over the 
fields R or C [0, |l^, |15|. In the case of ultrauniform hereditarily discon- 
nected spaces polyhedral expansions over R do not take into account many 
features of such spaces. 

This work is devoted to the investigation of the problem about inverse 
mapping systems expansions of ultrauniform spaces using polyhedra over 
non-Archimedean locally compact fields. In §2 preliminary results, defini- 
tions and notations are given. In §3 Theorems about expansions of complete 
ultrametric and ultrauniform spaces are proved. In §4 absolute polyhedral ex- 
pansions and inverse mapping systems of expansions for non-complete spaces 
are investigated. There are elucidated cases, when in inverse mapping sys- 
tems of expansions polyhedra are finite-dimensional over non-Archimedean 
fields L. In particular locally compact ultrauniform groups are considered. 
The main results are Theorems 3.18 and in 54. 
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The considered here topological spaces X are hereditarily disconnected 
and zero- dimensional, but in general they are not necessarily strongly zero- 
dimensional, that is this class has representatives with covering dimensions 
from to oo (see Chapters 6 and 7 in 0). This article also contains results 
about a relation of dim{X) and dimensions of polyhedra over L. With the 
help of polyhedral expansions it is shown in §5 that there exists a natural 
correspondence between ultrauniform X and uniform spaces Y, such that 
there exists a continuous quotient mapping 6 : X ^ Y. That is for each 
X there exist 6 and Y, vice versa for each Y there exist X and 6 such that 
d{X) = d{Y) and w{X) = w{Y). Then X is dense in itself if and only 
if Y is such. Moreover, there are natural compactifications cX and cgY 
such that 6 has an extension on cX and 6{cX) = cqY. On the other hand, 
it gives a relation between dimensions dim-i^P of polyhedras P over L in an 
expansion and dim[9{Py\, also between maxp^ dimi^Pm and dim[6{X)]. Then 
an important particular case of polyhedral expansions of manifolds modelled 
on non- Archimedean locally convex spaces is investigated. Few results from 
§3 and §4 were announced in [O . 



2 Notations and preliminary results. 

2.1. Let us recall that by an ultrametric space {X,p) is implied a set X 
with a metric p such that it satisfies the ultrametric inequality: p{x, y) < 
ma.x{p{x, z); p{z,y)) for each x, y and z & X. A uniform space X with ul- 
trauniformity U is called an ultrauniform space {X, U) such that U satisfies 
the following condition: |x — 2;| < V, if — 2;| < V and \x — y\ < V, where 
V C V & U, X, y and z G X If in X a family of pseudoultramet- 

rics P is given and it satisfies conditions {UP1,UP2), then it induces an 
ultrauniformity U due to Proposition 8.1.18 0. 

Let L be a non- Archimedean field [E^]. We say that X is a L-Tychonoff 



space, if X is a Ti-space and for each F = F C X with x ^ F there exists 
a continuous function / : X ^ _B(L,0, 1) such that f{x) = 0, f{F) = {1}, 
where B{X,y,r) := {z E X : p{y,z) < r} for ?/ G X and r > 0. From 
ind(L) = it follows that the small inductive dimension is ind{X) = (see 
§6.2 and ch. 7 in 0). Since the norm | * |l : L ^ Fl is continuous, then X is 
the Tychonoff space, where Fl := : x G L} C [0, oo). Vice versa if X is 

a Tychonoff space with ind{X) = 0, then it is also L-Tychonoff, since there 
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exists a clopen (closed and open at the same time) neighbourhood W 3 x 
with W n F = ^ and as the locally constant function / may be taken with 
fix) = and fix \ W) = {1}. 

Let us consider spaces C(X, L) := {/ : X — > L|/is continuous } and 
C*iX,L) := {/ G C(X,L) : |/(X)|l is bounded in R}, then for each finite 
family {/i, /m} C. C(X, L) (or C*(X, L)) the following pseudoultrametric 
is defined: pf^,...j^ix,y) := max(|/j(a;) - fjiy)\L ■ 3 = l,...,m}. Families 
P or P* of such Pf^,...j^ induce ultrauniformities C or C* respectively and 
the initial topology on X. If a sequence {Vj : j = 0,1,...} C f/ is such 
that Vq = X"^, pVj+i C Vj for j = 1, 2, where p is a prime number, then 
there exists a pseudoultrametric p such that pix, y) := for (x, y) G CtjLo '^ji 
pix.y) = p-^ for ix,y) G Vj \ Vj+i, so Vi C {ix,y) : pix,y) < p-'} C Vi-i. 
Indeed, from (x, ?/) G \ Vi+i and (y, z) & Vj \ V^+i for j > i it follows 
ix,z) G Vi and p(x, < p^* = pix,y). Therefore, ultrauniform spaces may 
be equivalently characterised by t/ or P (see §8.1.11 and §8.1.14 in ). 

Henceforth, locally compact non-discrete non-Archimedean infinite fields 
L are considered. If the characteristic charijj) = 0, then due to for 
each such L there exists a prime number p such that L is a finite alge- 
braic extension of the field Qp of p-adic numbers. If c/iar(L) = p > 0, 
then L is isomorphic with the field Fp(^) of the formal power series by the 
indeterminate 6, where p is the prime number, each z G L has the form 
z = ttjO^ with ttj G Fp for each j, \z\i^ = p"'^'^^) up to the equivalence 

of the non-Archimedean valuation, kiz) G Z, Fp is the finite field consisting 
of p elements, Fp ^ L is the natural embedding. 

For an ordinal A with its cardinality m = cardiA) by co(L,A) it is de- 
noted the following Banach space with vectors G A,x„ G L) 
of a finite norm := sup^g^ I^qIl and such that for each 6 > a set 
{a G v4 : IxqIl > &} is finite. It has the orthonormal in the non- Archimedean 
sense basis {ej := i6j^a '■ a & A) : j E A}, where 6j^a = 1 for j = a and 6j^a = 
for each j ^ a ||22|. If cardiAi) = cardiA2) then Co(L, Ai) is isomorphic with 
Co(L, A2). In particular Co(L, n) = L" for n G N. Then cardiA) is called the 
dimension of co(L, A) and it is denoted by cardiA) = dim-L,co(L, A). 

Let U be a uniform covering of (X, P) (see §8.1 in 0), then the collection 
{StiU, U) : f/ G U} =: *U is called the star of U. If *U is a refinement of a 
uniform covering V, then U is called the star refinement of V. 

2.2. Lemma. Let (X, p) be an ultrametric space, then there exists an 
ultrametric p' equivalent to p such that p'(X, X) C Fl- 



3 



Proof. Let p'{x,y) := sup^^p^ j^-, 6, where x and y G X, either 
L D Qp or L = Fp{9). Then p' is the ultrametric such that p'{x,y) < 
p{x, y) < p y. p'{x, y) for each x and y E X. 

2.3. Lemma. Let (X, P) 6e an ultrauniform space, then there exists a 
family P' such that p\X,X) C Ll /or eac/i p' G P'; (X,P) and (X, P') are 
uniformly isomorphic, the completeness of one of them is equivalent to the 
comleteness of another. 

Proof. In view of Lemma 2.2 for each p G P there exists an equivalent 
pseudoultrametric p' . They form a family P'. Evidently, the identity map- 
ping id : (X, P) — i> (X, P') is the uniform isomorphism. The last statement 
follows from 8.3.20 ||]. 

2.4. Theorem. For each ultrametric space (X, p) there exist an embed- 
ding f : X ^ i?(co(L, Ax)i 0, 1) and an uniformly continuous embedding into 
Co(L, Ax), where card{Ax) = w{X), w{X) is the topological weight of X . 

Proof. In view of Theorem 7.3.15 there exists an embedding of X 
into the Baire space B{m), where m = w{X) > Kq. In the case w{X) < Kg 
this statement is evident, since X is finite. In view of Lemma 2.2 we choose 
in B{m) an ultrametric p equivalent to the initial one with values in Fl such 
that p{{xi}, {yi}) = p~'', if Xk 7^ yk and Xi = yi for i < k, p{{xi}, {yi}) = 
0, if Xi = yi for all i, where {xi} G B{m), 2 G N, Xj G D{m), D{m) 
denotes the discrete space of cardinality m. Let A = N x C, card{C) = m, 
{ei^a\{i, a) £ A} be the orthonormal basis in co(L, A). For each {xi} G B{m) 
we have Xi G D{m) and we can take Xi = Ci^a for suitable a = a{i), since 
D( m) is isomorphic with {ej^ : a, G C}. Let /({^^j}) : — X^jgn, a=a(j) a? 
consequently, \\f{{xi}) - /({l/i})||co(L,A) = p{{xi], {yi})- 

The last statement of the Theorem follows from the isometrical embed- 
ding of (X, p) into the corresponding free Banach space, which is isomorphic 
with co(L,y4) (see Theorem 5 in |]T5[ and Theorems 5.13 and 5.16 in p2||), 
since each Banach space over a non-Archimedean spherically complete field 
L is isomorphic with Co(L, A) with the corresponding A. Instead of the free 
Banach space generated by (X, p') (see also Lemma 2.2), it can be used an 
embedding into the topologically dual space C°(X, L)* to a space C°(X, L), 
which is the space of bounded continuous Lipschitz functions / : X ^ L with 
11/11 := max{sup^gx |/(x)|, sup^^^gj^ (|/(x) - f{y)\/p{x,y))] < 00. For each 
S* C X there exists a function / G C°(X, L) such that p'(x, S')/[l+p'(x, S)] < 
\f{x)\ < pp'{x, S)/[l + p'{x, S)], where p'{x,S) := miyi=s p'{x,y). To each 
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X & X there corresponds a continuous functional Gx such that Gx{f ) = f{x), 
so Gx{f ) — Gy{f ) = f{x) — f{y). In view of the L-regularity of X we have 
\\Gx - GyW = p{x,y). 

2.5. Corollary. Each ultrauniform space P) has a topological embed- 
ding into YipeP B{cq(L, Ap), 0, 1) and an uniform embedding into YipeP Co(L, Ap) 
with card{Ap) = w{Xp). 

Proof. For each ultrametric p G P of an ultrauniform space (X, P) there 
exists the equivalence relation Rp such that xRpy if and only if p{x, y) ~ 0. 
Then there exists the quotient mapping gp : X —>■ Xp := (X/Rp) , where Xp 
is the ultrametric space with the ultrametric also denoted by p, X denotes 
the completion of X. Then X has the uniform embedding into the limit of 
the inverse spectra limp Xp = X. 

2.6. Corolleiry. For each j e N and f{X) C Cq^L, Ax) from Theorem 
2.4 there are coverings Uj of the space f{X) by disjoint clopen balls Bi with 
diameters not greater than p~^ and with inf^^fe dist{Bi, B^) > 0. 

Proof follows from the consideration of the covering of the Banach space 
co(L,A) by balls B{co(L, A),x,r) with < r < p~^ and x G cq, since such 
balls are either disjoint or one of them is contained in another and Fl is 
discrete in (0, 00), where Fl := Fl \ {0}. Then [j^^j B{cQ,Xq,rq) is the 
clopen ball in cq with r < p~^ , if all balls in the family J have non-void 
pairwise intersections. Taking B{co,x,r) fl /(X) we get the statement for 
f{X) using the transfinite sequence of the covering. To satisfy Condition 
mfi^kdist{Bi, Bk) > we take r/ > ro > for each ball Bi, where ro is a 
fixed positive number. 

2.7. Note. A simplex s in R" may be taken with the help of linear 
functionals, for example, {cj : j = 0, ...,n}, where ej = (0, 0, 1, 0, 0) 
with 1 in the j-th place for j > and 60 = 61 + ... + 6^, s := {x E R" : 
ej{x) G [0,1] for j = 0, In the case of L" or co{L,A), if to take 
B(L, 0, 1) instead of [0, 1], then conditions Xj :— ej{x) G B{L, 0, 1) for j = 
l,...,n imply Cq^x) = Xi + ... + Xn G -B(L,0,1) or J2je\^ji^) ^ B(L,0,1) 
for each finite subset A in A respectively due to the ultrametric inequality 
(since -B(L,0,1,) is the additive group ), that is s = i?(L",0,l) or s = 
B{co(L, A),0, 1) correspondingly. Moreover, its topological border is empty 
Fr{s) — and Ind{Fr{s)) — —1. Let us denote by ttl an element from L 
such that i?(L,0, 1") := {x G L : < 1} = 7rL-B(L, 0, 1) and IttlIl = 

2.8. Definitions. (1). A subset P in co(L,A) is called a polyhedron 
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if it is a disjoint union of simplexes sj, P = [jj^pSj, where F is a set, Sj = 
5(co(L, A'),x, r) = X + Tr^B{co{L, A'), 0, 1) are the clopen balls in co(L, A'), 
A' G A, r = b^, k ^ Z. For each L we fix ttl and such affine transformations. 
The polyhedron P is called uniform if it satisfies conditions 
(i) supjgp cimm(sj) < oo, 

{ii) mfi^jdist{si,Sj) > 0, where dist{s,q) := inf^-g^ yggp(x, y). 

By vertexes of the simplex s = B{co{L, A), 0, 1) we call points x = (xj) G 
co(L,A) such that Xj = or = 1 for each j G A, dimi,{s) := card{A). 
For each E d A^ E ^ A and a vertex e by verge v of the simplex s we call 
a subset e + i?(co(L, i?), 0, 1) C s. A mapping f : C ^ D is called affine, 
if f{ax + by) = af{x) + bf{y) for each a,b E B(L,0, 1), x,y G C, where 
C and D are absolutely convex subsets of vector spaces X and Y over L. 
For an arbitrary simplex its verges and vertexes are defined with the help 
of affine transformation as images of verges and vertexes of the unit simplex 
S(co(L,A'),0,l). 

Then in analogy with the classical case there are naturally defined 
notions of a simplexial complex K and his space \K\, also a subcomplex and 
a simplexial mapping. The latter is characterized by the following conditions: 
its rectrictions on each simplex of polyhedra that are affine mappings over 
the field L and images of vertexes are vertexes. A simplexial complex K is 
a collection of verges f of a simplex s such that each verge v' of a simplex 
V is in K. The space l-ft'l of if is a subset of |s| consisting of those points 
which belong to simplexes of K, where |s| is a topological space of s in 
the topology inherited from cq(L,A). This defines topology of li^l also. A 
simplexial complex has dimi^K := sup^g^ dimi^v, where v are simplexes of 
K. A subcomplex L of A' is a subcollection of the simplexes of K such that 
each verge of f of a simplex s in L is also in L, so L is a simplexial complex. 
If e is a vertex of K, the open star of e is the subset Stxie) of K which is 
the union of all simplexes of K having e vertex. 

Instead of the barycentric subdivision in the classical case we introduce 
a p'-subdivision of simplexes and polyhedra for j G N and for the field L, 
that is a partition of each simplex B{co(L, A'),x,r) into the disjoint union 
of simplexes with diameters equal to rp~^ , where p = Each simplex s 
with dirrii^s = card{A') may be considered also in cq(L,A), where A' C A, 
since there exists the isometrical embedding co(L,A') ^ co(L,A) and the 
projector vr : C()(L,A) Cq(L,A'). By a dimension of a polyhedron P we 
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call dimi^P := supj-^^p^ jg simplex )dimi^s. The polyhedron P is called 
locally finite-dimensional if all simplexes s G P are finite dimensional over 
L, that is, dimi,s e N. For a simplex s — B{co(L, A'),x, r) by a L-border ds 
we call the union of all its verges q with the codimension over L equal to 1 
in co(L, A') —: X, that is, g = e + B', where B' are balls in co(L, ^4") =: Y, 
{A' \ A") is a singleton, A" cA',XeY = L, X. For the polyhedron 

P = [jj(zFSj by the L-border we call dP = {jj^F^Sj, where F is the set. 

(2) . A continuous mapping / of a set M, M C co(L, A) into a polyhedron 
P we call essential, if there is not any continuous mapping gr : M ^ P for 
which are satisfied the following conditions: 

(i) g{M) does not contain P; 

(ii) there exists Mq C M, Mq^ M with f{M)ndP = /(Mq) = g{Mo) C 
dP and their restrictions coincide /|mo = qImq] 

(in) if / is linear on [x, y] :— {tx + (1 — t)y\t e -B(L, 0, 1)} C M, then g 
is also linear on [x.y] such that g{x) ^ g{y) for each f{x) ^ f{y)- 

(3) . The function / from §2.8.(2) is inessential, if there exists such g. 

(4) . Let / : M — > be a continuous mapping, co(L, A) D N D P, P he 
a polyhedron. Then P is called essentially (or inessentially) covered by 
under the mapping /, if /|j-i(p) is essential (or inessential respectively). 

(5) . Let / : M — > P and g : M ^ P are continuous mappings, where M 
is a set, P is a polyhedron. Then g is called a permissible modification of /, 
if three conditions are satisfied: 

(i) from a & M and /(a) e s it follows g{a) e s, where s is a simplex 
from P; 

(ii) if X and y e M, [x, y] G M and / : [x, y] ^ P is linear, then 
g : [x,y] ^ P is also linear (over L) and g{x) ^ g{y) for each f{x) ^ f{y)', 

(iii) f{dM) = g{dM), when M contains a polyhedron Q with dimi^Q > 
such that Q is clopen in M. 

(6) . The mapping / : M — > P is called reducible (or irreducible), when 
it may (or not respectively) have the permissible modification g such that 
/(M) is not the subset of g{M). 

(7) . A mapping f : P ^ Q for polyhedra P and Q is called normal, if 
(^) PQ{f{^)-if{y)) — Ppi^yV) for each x and y & P, that is / is a non- 
stretching mapping; 

(ii) there exists a p'-sub division Q' of polyhedra Q such that f : P ^ Q' 
is a simplexial mapping, that is, f\s is affine on each simplex s C P and f{s) 
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is a simplex from Q' . 

(8). Let X = \imj{Xj, f- , E} be an expansion of X into the limit of 
inverse spectra of polyhedra Xj over L. This expansion is called 

(a) irreducible, if for each open V C X there exists a cofinal subset Ey C 
E such that {Xj, //, Ey} is also the irreducible polyhedral representation of 
the space V, that is // : Xj —> Xj are irreducible and surjective for each 
^ > j £ Ey- The polyhedral system (representation) {Xj, //, E} is called 

(b) n-dimensional, if dimi^Xj < n for each j G E, sup^^^ dimj.Xj = n, 
where n is a cardinal number. The polyhedral spectrum is called 

(c) non-degenerate, if projections // are non-degenerate, that is // (s) is 
not a singleton for each simplex s of Xj. 

2.9. Notes. Conditions 2.8.{2{iii), {5{ii,iii)) and restrictions on // in 
2.8. (8(a)) are additional in comparison with the classical case. They are 
imposed in §2.8, since there exists a continuous non-linear retraction r : 
Sj — i> dsj for the non-Archimedean field L, which may be constructed with 
the help of a p-subdivision and projections of co(L,A) are on its subspaces 
co(L,A') associated with the standard basis {ej : j G A}, where A' C A. If 
/ is simplexial on each polyhedron M and 2.8.(2(iii)) is accomplished, then 
dimi,g{M) = dimi^f{M). 

In P, |T0| were studied uniform spaces and ANRU. Here we mean by 
ANRU an ultraunifrom space X such that under embedding into an ultra- 
uniform space Y there exists the uniformly continuous retract r : V ^ X 
of its uniform neighbourhood V , X (Z V (Z Y . We denote by U {X, Y) for 
two ultrauniform spaces X and Y an ultrauniform space of uniformly con- 
tinuous mappings f : X ^ Y with the uniformity generated by a base of the 
form W = {{f,g)\{f{x),g{x)) G V for each x G X}, where G V, V is a 
uniformity on Y corresponding to Py. 

Here we call an ultrauniform space Y injective, if for each ultrauniform 
space X with H G X and an uniformly continuous mapping f:H—>-Y 
there exists an uniformly continuous extension f : X Y. 

2.10. Theorem. B{co(L, A), 0, 1) is an injective space for car d{A) < Kq. 
Proof may be done analogously to Theorem 9 on p. 40 in | |1(J| ]. 

2.11. Theorem. Each uniform polyhedron P over L is ANRU. 
Proof. Since a = mii^j^p dist{si, Sj) > 0, b = sup^^p diam{si) < oo, 

then there exists a minimal uniform covering U such that for each Sj there 
exists a/p-clopen neighbourhood G U, where Vi = s^, e = a/p, A"" = {y G 
Y : dY{y,A) = infag^ (iy(?/, a) < e} for an ultrametric space (F, dy) is an 
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e-enlargement of a subset A in Y. In this case P is a subset of a Banach 
space co(L,A), where card{A) = w{P). Each Sj is an uniform retract Vi, 
Ti : Vi ^ Si, consequently, there exists uniformly continuous retraction r : 
S = UviGU ~^ P such that r\s. = ri for each i, since supj^jj^ (imm(sj) < oo 
and r j o r j = rj, rj|s^ = hence r or = r and r|p = irf. The neighbourhood 
S is uniform, since St{P, U) := U{A6U,AnP^0) ^ = '50. 

2.12. Note. Further for uniform spaces are considered uniformly contin- 
uous mappings and uniform polyhedra and for topological spaces continuous 
mappings and polyhedra if it is not specially outlined. 

2.13. Lemma. Let {X,P) be an ultrauniform strongly zero- dimensional 
space, P he a polyhedron overL, Ai,...,Ag are non-intersecting closed subsets 
in X , q & N, card{P) > q. Then there exists an uniformly continuous 
mapping f : X ^ P such that f{Ai) fl f{Aj) = for each i ^ j ■ 

Proof. There exists a disjoint clopen covering Vj for X satisfying Aj C Vj 
for each j = 1, g (see Theorem 6.2.4 0]). Then we can take locally constant 
or locally affine mapping / with f{Vj) C Sj C P. 

2.14. Lemma. Each non-stretching mapping f : E —>■ P has non- 
stretching continuation on {X,p), where P is a uniform polyhedron over L, 
E d X, X is a completion of an ultrametric space {X,p). 

Proof. There exists an embedding P co(L,A) for card{A) = w{P) 
due to Lemma 4 |T^ or Theorem 2.4 above. We choose f : E ^ Co(L, A) with 
f = {f^ : i E A) , f^ : E ^ Lci, where {ci : i E A) is the orthonormal basis in 
Co(L, A) and inf j-^.^^- ^. ^ ,^p^ dist{si, Sj) > 0, Sj are simplexes from P. Each 
mapping : E ^ Lci is non-stretching, that is — < p{x,y) 

for each x,y E E. Evidently, / has non- stretching extension on E such that 
E is closed X. On the other hand, due to Theorem 2.4 there exists e > 
such that / has a non-stretching extension / : E"^ — >■ P*^. By Theorem 2.11 
for sufficiently small e > there exists a retraction r : P'^ — > P such that 
ro f : E'^ —>■ P is is non-stretching, rof = f on E. There exists V clopen in X 
such that E dV <Z E'^ due to Lemma 2.2, hence rof\y has a non-stretching 
extension of / from E, since (X, p) is strongly zero- dimensional. This follows 
also from the fact that a free Banach space P(i?,p',L) over L generated by 
E has the isometric embedding into P(X, p', L), where p' is from Lemma 2.2 
(see also [0). 

2.15. Definitions. An ultrauniform space (X, P) is called Li?-space, if 
each uniformly continuous / : F — L has an uniformly continuous extension 
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on all X, where Y C X. 

Let X be a Tychonoff space. If X has the finest uniformity compatible 
with its topology, then it is called fine. 

2.16. Theorem. An ultrametric space X is an LE -space if and only 
if X = lim{Xm, f^, E} , where X^ are fine spaces and bonding mappings 
f^ : Xjn Xn are uniformly continuous for each m > n E E , {X^, fn^ E} 
is an inverse mapping system. 

Proof. Let us consider Xa = B{co(L, A), 0, 1) for card{A) > or Xa = 
L" which are not fine spaces, since on Xa there are continuous / : Xa — ^ L 
which are not uniformly continuous. If Xa is fine, then each continuous 
function / : Xa — >^ L is uniformly continuous. Then for the embedding 
of the non-fine space Xa co(L,y4) there is not compact H with Xa C 
H C Cq(L,A). Therefore, in Xa there exists a countable closed subset of 
isolated points Y = {xi : i G N} and a continuous function f : Y ^ h 
with \ f{xj) — f{xi)\/\xj — Xj| > Cj > for each j > i and limj^ooQ = cx3 
such that / has a continuous extension g on Xa- Indeed, there exists a 
clopen neighbourhood W, that is a 6-enlargement (with b > 0) relative to 
the ultrametric pA in Xa, so there is a continuous retraction r : W —y Y, 
g{x) = const G L on {Xa \ W), g{x) = /(r(x)) on W, g\Y = f ■ Therefore, g 
is continuous and uniformly continuous on Xa (see also Theorem 1.7 [Q] ). 

3 Polyhedral expansions. 

3.1. Theorem. Each complete ultrauniform space (i^, P) is a limit of an 
inverse spectra of ANRU Yj, where Yj are embedded into complete locally 
Li-convex spaces. 

Proof. In view of Corollary 2.5 there exists a uniform embedding Y 
Ylp^P Cq(L, Ap) =: H. In each Co(L,y4p) may be taken the orthonormal 
basis {ej,p '■ j G Ap\, card{Ap) = w{Yp) and define canonical neighbour- 
hoods t/(/,6;(ji,pi),...,(j„,p„)) := {q e H : |7rj^,p,(g) - Trj,,pAf)\ < b for 
i = 1, ■■■,n}, where tTj ^ : H Lej,p are projectors, f E H, b > 0, n E N. 
Each clopen subset Zb := H \ f/(/, 6; (ji, pi), (j„, p„)) is uniformly con- 
tinuous (non-stretching) retract of Z^/p, that is Zb is ANRU. Analogously 
each finite intersections flLi ^ifh k, (jj, Pi). UL Pn)) = nf=i are also 
ANRU, since Z^^^ ^ flLi and a retraction gk : Zk,bk/p ^ ^fc,6fe produces 
non-stretching relative to the corresponding pseudoultrametric retraction 
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Qk ■■ nti Zi^bjp nti Zl,br Hence o ... o = g : flLi Zi^b^/p ^ flLi ^/.fe; 
is the (non-stretching) retraction. Let S be the ordered family of such 
nLiZiM C H \ Y, then HzesiH \Z) = Y. Further as in the proof of 
Theorem 7.1 0. 

3.2. Lemma. Let {X,px) and {Y, py) be ultrametric spaces, f : X Y 
be a continuous mapping such that fl^ is a b-mapping (that is pyifix), i{x)) < 
b for each x E H), where H is dense in X , b > 0, i : H •—>■ Y is an embed- 
ding. Then X and Y may be embedded into a Banach space W over L such 
that X with equivalent ultrametric in W and \\f{x) — x\\ < b for each x G X 
(that is f is a b-mapping on X). 

Proof. From Theorem 2.4, Lemma 2.3 and Corollary 2.6 it follows that 
there exists such embedding of X into the corresponding W = Cq(L,A) with 
card{A) = w{X) with the disjoint clopen covering V = {B{co(L, A),Xj, bj) =: 
Bj : Xj E H, oo > bj > 0,j G F}. Let Yj := f{Bj) C Y, consequently, 
diam{Yj) < b, since / is the 6-mapping, that is / realizes the covering of X 
consisting from subsets of diameters not greater than b. Then px{x',x") < 
max{p{x' ,Xj), p{xj,x")), where x" G f~^{y), y G Yj, x' G i?(co(L, A), Xj, fej), 
/(x') = diam{f~^{y)) < b. Let Xi ^ Xj, this is equivalent to Bi n Bj = (/} 
and is equivalent to px{xi, Xj) > b, consequently, YiHYj = and Y = UjeF 
In view of continuity of / there exists the embedding of Yj into Bj, since / 
is the 6-mapping, w{Y) < w{X), < bj < b and due to Theorem 2.4. 

3.3.1. Lemma. Let there exists a non-stretching (uniformly continuous) 
mapping f : R ^ P and a non-stretching (uniformly continuous) permissible 
modification g : M ^ P, where R is a complete ultrametric space (LE-space 
respectively), P is a polyhedron, M is a subspace in R; if R is a polyhedron let 
M be a subpolyhedron. Then g has a non- stretching (uniformly continuous 
respectively) extension on the entire R and this extension is a permissible 
modification of f . 

Proof. For a complete ultrametric space R the mapping g has the non- 
stretching (uniformly continuous) extension on the completion of M which 
coincides with the closure M of M in R, since R and P are complete. The 
space P is complete, since it is ANRU by Theorem 2.11 (see also Theorem 
1.7 [0], Theorems 8.3.6 and 8.3.10 0). For the embedding R ^ co{L, A) 
with card{A) = w{R) by Theorem 2.4 it may be taken due to Corollary 
2.6 the disjoint clopen covering V such that each W E V has the form 
W = Rn B{co(L, A),x,riv), where > 0, x E R, supyi/gyr^y < p"^ (for 
each j G N there exists such V). 
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In view of uniform continuity of / and uniformity of the polyhedron P 
there exists V such that for each W from V there exists a simplex T <Z P 
with f{W) C T. The space Co(L,A) has the orthonormal basis {cj : j e ^4}. 
If / is linear on no any [a, b] C R, then for the construction of g may be used 
Lemma 2.14 or Theorem 2.16. This may be done with the help of transfinite 
induction by the cardinality of sets of vcrtcxcs of simplexcs from P (or using 
the Teichmiiller-Tukey Lemma), since P is a disjoint union of simplexcs. In 
general let g{M) contains each zero-dimensional over L simplex T° C P. If 
it is not so, then there exists a point b = /~^(T°) in which g is not defined. If 
/ is non-linear on each [a, b] G R with a G M, then g{b) = f{b). If / is linear 
on such [a, 6], then from p{a,b) < oo it follows that [a,b] is homeomorphic 
with the compact ball B{L,a, p{b,a)) in L and f{[a,b]) is homeomorphic 
with B(L, /(a), \\f{b) - f{a)\\). Then in M n [a, b] = Y there exists y such 
that a) = sup^jgy p{a, x) = t. The subspace Y is covered by the finite 
number ol W E V . For y ^ a, that is t > 0, /([a, 6]) is compact and 
is contained in the finite number of simplexcs from P, consequently, there 
exists the permissible modification of g on [a, b] also. 

Let E and F be two subsets in R. We denote by sp{E, F, f) the sub- 
space cZ((U(„eE^;,g^^^|j^^j is L- linear )M) U £; U P) in P, where cl{S) de- 
notes the closure of S in P for 5 C P. li B = {q : f-^{T^) ^q,T° G P,g 
is not defined in q}, then by the Teichmiiller-Tukey Lemma there exists the 
extension of g on sp{M,B,f) =: Mq. Let Mj := sp{\Ji^j Mi, B, f), where 
B = U(T, is not the subset of g{M)) T\ are simplexcs from P with the car- 
dianlity of sets of vertexes equal to j, where j < w{P). Prom Lemma 3.2 it 
follows that conditions 2.8. (5(i — in)) may be satisfied on Mj fl P. Consid- 
ering vertexes of s from P fl f~^(T^) \ Ui<j Mi we construct g on Mj C P. 
Since P ^ co(L, A), then sup^ Mj — P, where Mj are ordered by inclusion: 
Mj D Mi for each i < j. 

3.3.2. Note. Henceforth, we assume that for a uniformly continuous 
mapping f : Y ^ P are satisfied conditions: P is a uniform polyhedron, 
bonding mappings : — ^ Xn are uniformly continuous (see §§2.8, 
2.16), where Y G X, {X,p) is an ultrametric space. 

3.4. Lemma. Let f : M ^ P is irreducible, M and P are polyhedrons, 
N is a subpolyhedron in M, Q is a subpolyhedron in P , f{N) G Q, then a 
mapping f : N ^ Q is irreducible. 

Proof. Let f : N ^ Q he reducible, that is there exists a permissible 
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modification g : N ^ Q with g{N) not contained in f{N), q G f{N) \ g{N). 
In view of Lemma 3.3 there exists the extension g : M ^ P. Let r > 
is sufficiently smaU and U :— Nj. — {y E M : there exists x E N with 
p{x,y) < r} be the r-enlargement of the subspace N such that q ^ g{Nr). 
Since M and P are (uniform) polyhedra and / is (uniformly) continuous 
and U is clopen in M, then there exists a p-' -sub division M' and a clopen 
polyhedron if in M' with iV^/p <Z N <Z U (Z M' such that /i|h = 5'|//, M'\i7 
is the subpolyhedron in M', h\M\H — f\M\H- Then q ^ ^(-f^) and from 
the irreducubility of / it follows that q ^ f{M \ H), consequently, h is the 
permissible modification of / and h{M) is not the subset of f{M). This 
contradiction lead to the statement of this Lemma. 

3.5. Lemma. Let f : M ^ P, M and P be polyhedrons over L. Then 
the condition of irreducibility of f is equvalent to that each subpolyhedron in 
Q G P is essentially covered. 

Proof. If / is irreducible, then due to Lemma 3.4 each subpolyhedron Q 
is essentially covered. Let vice versa each Q is essentially covered and / has 
the permissible modification g with P = f{M) not contained in g{M). From 
f{dM) = g{dM) and that / is essential the contradiction with the statement 
{P is not contained in g{M)} follows, consequently, / is irreducible. 

3.6. Lemma. Let P and M be polyhedrons. If f : M ^ P has only 
addmissible modifications, then f is irreducible. 

Proof. From f[dM) = g[dM) and that g is the permissible modification 
of / it follows that each subpolyhedron Q from P is essentially covered due 
to Lemma 3.3. In view of Lemma 3.5 / is irreducible. 

3.7. Lemma. Let there is an inverse spectra S = {Rm, f^, E} of poly- 
hedra Rm over L, /™ are sirnplexial mappings, g^ : Ri ^ P , g"' = g'' o fj^ for 
a fixed I, fn = lim^ g = g^ o f], R = limS, fn : R ^ Rn, E is linearly 
ordered. If g : R ^ P is reducible for a polyhedron P, then for almost all 
n ( that is, there exists k E E such that for each n > k) g^ : Rn ^ P are 
reducible. 

Proof. In view of Lemma 3.3 there exists a permissible modification h of 
g, then g and h define mappings g"" and /i" such that /i" on i?„ are permissible 
modifications of g'^. li g is reducible, then by Lemma 3.5 g"" are reducible for 
almost all n E E, since h{R) is not a subset of g{R) and h{dR) — g{dR). 

3.8. Lemma. If f : M ^ N , g : N ^ T , f{M) = N, where M 
and N are polyhedra, then from g is inessential (reducible) it follows f o g is 
inessential (reducible). 
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Proof. If / is L-linear on [a, 6] C M and g is L-linear on [/(a),/(6)], 
then f o g is L-linear on [a, b]. If /i is a permissible modification of g, then 
/ o /i is a permissible modification oi f o g, hence f o g is reducible. If g is 
inessential, then there exists a mapping h such that 

(i) h{N) does not contain T; 

{ii) there exists Nq G N such that Nq ^ N, g{N) HdT = g{No) = h{No) 
and h\No = 9\no] 

[iii) if g is linear on [x, y] C N, then h is linear on [x, y] such that 

7^ for each (/(x) 7^ Therefore, f o h : M ^ T satisfies 

Conditions {i — iii) for M instead of N, f o h instead of h and fog instead 
of g, consequently, f o g is inessential. 

3.9. Lemma. Suppose that there is given an irreducible inverse mapping 
system S — {Pm, fn^ ^} of polyhedra Pm over L, M is dosed in P — limS 
such that Mn := fn{M) are subpolyhedra in Pn and for each rn > I permissible 
modifications g^ for fj^ are given ( on the entire Pm) and for each n > m 
mappings gP o /"^ are permissible modifications of fj^. Then the inverse 
mapping system Sm '■= {Mn, g]^ o f^^^ Ei} is irreducible, where Ei = {n E E : 
n > I}. 

Proof. From surjectivity and irreducibihty of //" it follows surjectivity 

and irreducibihty of gj^ o due to Lemmas 3.4, 3.5 and 3.8. Since Ei is 
cofinal with E, then for each W open in M there exists V open in P such that 
W = M nV . Let dimi,Pi = d. We use a disjoint covering of Pi by simplexes 
clopen in it. There exists I < ma e E such that each d-dimensional simplex 
T'' from Ti over L by means of (/", M„) is either essentially for each n > I 
or inessentially for each n > covered. In the second case there exists 
a permissible modification k^'^ such that /i;™''[(/™'')^^(T°')] docs not contain 
any point from T*^ \ dT*^, hence we get a permissible modification k^"^ of f^'^ 
on the entire Pm^. If T"' is essentially covered by M^^), then T'^ is 

essentially covered by (/", M„) for each n > m^. 

Let q < d, where g is a cardinal. Then there exists rriq > such that for 
each simplexes from Pi with dimj^T'^ = qis either essentially for each n > I 
or inessentially for each n > niq covered by (/f , Mn). Since Pi has a disjoint 
covering by such simplexes and S is irreducible, then Sm is irreducible. 

3.10. Lemma. If T is a simplex from a p' -subdivision P' of polyhedron 
P then for each clopen neighbourhood U D T such that U is a subpolyhedron 
in P' there exists a mapping k : P ^ P such that k\u is simplexial and 
k{U) = T. 
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Proof. In view of Theorem 2.11 there exists the retraction r : P ^ U 
(it is uniform if P is the uniform polyhedron). In view of Lemmas 3.2 and 
3.3 there exists a simplexial mapping / : t/ — > T such that f{U) = T, hence 
A; = / or is the desired mapping, since r\u = id and ror = r, where id{x) = x 
for each x G f/. To construct / we consider simplexes s of P' forming its 
disjoint clopen covering. For each such s either s fl T = or s = T. If 
s = B{co{L,A),x,r) and T = B{co{L, A'),y,r') with A' C A, then /|^ is 
evidently defined such that f{s) = T. For A' D A and A' ^ A we can map s 
on the corresponding verge (or vertex) of T. For s = T we can take /|t = id. 

3.11. Lemma. Let P be a uniform polyhedron, f : M ^ P and g : 
M ^ P are two b-close mappings (that is, p{f{a),g{a)) < b for each a G M), 
where b < iniscP diam{s) , s are clopen simplexes in P, then there exists k 
from Lemma 3.10 such that ko g and f are b-close and ko g is a permissible 
modification of f , where g\[x,y] is L-linear or g{x) ^ g{y) if and only if f\[x,y\ 
is L-linear or f{x) ^ f{y) respectively for each [x,y] C M. 

Proof. Let P' be a subdivision of P constructed with the help of p'- 
subdivisions of P such that j G N. In view of 6 < inf scP diam{s) we have 
that g{a) E T if and only if /(a) G r for each simplex r in P and a G M. If 
Ml is a clopen polyhedron in M and s is a simplex (or its verge) in Mi, then 
/Is is affine if and only if 5f|s is the affine mapping, moreover /(s) and g{s) 
have the same dimension over L and dim-i,g{q) = dim-L,f{q) for each verge q 
in s. Therefore, for a polyhedron Mi we can choose k : P ^ P such that 
ko g[dM) = f{dM), since P is a uniform polyhedron and there exists j G N 
such that p~^ sup gf-pdiam{s) < b. 

3.12. Lemma. Let f : P ^ Q be a non- stretching mapping of a uniform 
polyhedron P onto a uniform polyhedron Q over L. Then there exists a p'- 
subdivision P' of P and a normal mapping g : P ^ Q such that g is a 
permissible modification of f . 

Proof. For each 6 > there exist a p'-subdivision P' of P and a p*- 
subdivision of Q and a simplexial mapping h : P' ^ Q , which is 6-close to /, 
since / is non-stretching. Indeed, simplexes C P' are disjoint and clopen 
for them due to Lemmas 3 and 4 h can be chosen such that: 

(i) \h{e) — /(e) I < b for linearly independent vertexes cij G T', that is, 
{{cij — Cj^o) '■ j ^ ^i} are linearly independent, ei^ is a marked vertex from 
T\ card{Ai) = dimi,T'' and 

(ii) h{T^) are simplexes in Q with diam{h{T^)) < diam{T^) for suitable 
6 > and the p*-sub division Q' of Q, where hlxi are affine mappings for each 
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/. This is possible due to uniformity of polyhedra P and Q. Taking g = koh, 
where k is the suitable mapping from Lemma 3.11 we get the desired g. 

3.13. Lemma. Let g be a permissible modification of f : R P and 
h : P ^ Q be a normal mapping, where P and Q are uniform polyhedra. 
Then ho g is the permissible modification of ho f . 

Proof. If f{dR) = g{dR), then h o f{dR) = ho g{dR). If is L- 

linear, then g\ix,y] is L-linear, where [x,y] C R, hence ii ho f\[u,v] is L-linear, 
then h o gl^^^^^j is L-linear and h o g{u) ^ ho g{y) for each h o f{u) ^ ho f{v), 
since h is affine for some -sub division Q' ofQ. If a G i? and /(a) G s, where 
s is a simplex from P, then g{a) G s, hence ii ho f[a) G r, then h o g[a) G r, 
where r is a simplex in Q, since pgi^h o /(a), h o g{a)) < pp{f{a), g{a)) and 
h : P ^ Q' is simplexial. 

3.14. Lemma. Let {Pn,f^,E} = S be an irreducible inverse system 
of uniform polyhedra over L, M be closed in P = limS", M„ = fn{M) be 
subpolyhedra in Pn, {Qk, gf, P} be an inverse spectra of polyhedra Qk, which 
appear by p'^''''- subdivisions of Pn(^k), di be normal and permissible modifica- 
tions of f^^^^ , where F is cofinal with E, Nk = gk{M), gj'lNk ^^'^^ 9i\m are 
irreducible. Then Nk are polyhedra. 

Proof. This follows from Lemmas 3.7-3.12, since an image of a polyhe- 
dron under simplexial mapping is a polyhedron (see also the proof of Lemma 
IV.31.XII [0 and starting the consideration from some fixed ni = q E E). 

3.15. Lemma. Suppose that for a complete ultrametric space R there is 
a non- stretching mapping f : R P , f{R) = P , P is a uniform polyhedron 
over L. Then for each b > there exists a b-mapping g : R Q and Q is 
a uniform polyhedron over L such that for sufficiently fine p^ -subdivision Q' 
of a polyhedron Q there exists a normal mapping k : Q —>■ P and k o g is a 
non-stretching permissible modification of f . 

Proof. For R there exists the embedding R ^ Cq(L, A) with card{A) = 
w{R) by Theorem 2.4 and a clopen neighbourhood S with R G S G R{r) 
that is a uniform polyhedron due to Corollary 2.6, where R{r) denotes the 
r = 6/p-enlargement of R. By Lemma 3.2 there exists the subpolyhedron 
Q with R G Q G S and the ^'-mapping g : R ^ Q. li [a, z] G S and 
f\[a,z] is L-linear, then we can choose g such that it is linear on [a,z] and 
g{a) 7^ g{z) when f{a) ^ f{z). From the completeness of R and Lemma 2.14 
it follows that / has the non-stretching extension f : S ^ P. Then there 
are a 6-mapping g., a uniform polyhedron Q and a non-stretching mapping 
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h : Q P for sufficiently small r > and b' > 0. For h due to Lemma 3.12 
there exists the permissible modification and normal k : Q' ^ P such that 
k o g[R) — P, f{dR) — k o g{dR) for dR ^ 0, that is, when R contains a 
clopen polyhedron R^ with simplexes T having dimz.T > 0. Such k, h and g 
may be constructed on each simplex T from Q' and then on the entire space. 

3.16. Lemma. Suppose that R is a complete ultrametric space, fn '■ R ^ 
Pn are non- stretching bn-raappings, P^ are uniform polyhedra over L, n E E, 
E is an ordered set such that for each b > there exists I e E with < 6„ < 6 
for n > I. Then there exists a normal irreducible inverse mapping system 
S = {Qm,gm,F}, F is cofinal with E, limS = R, Qm (ii"^ subpolyhedra 
of p>'^"^^ -subdivisions of Pn(m) and gm are permissible modifications of fn{m), 
where gm = hm„ g^^ : R ^ Qm- 

Proof. In view of Lemmas 3.5, 3.6, 3.13 and 3.14 it is sufficient at first 
to construct S with non-stretching normal normal and surjective mappings 
gl^. This can be done due Lemma 3.15 with g^ o being non-stretching 
permissible modifications of fn{i) and lim^ gj^ o fn{m) are non-stretching per- 
missible modifications of 

3.17. Lemma. If the ultrametric space {X,p) is isomorphic with 

lim{(X„,p„);/r;F} 

and the following conditions are satisfied: 

(1) for each m there are embeddings Qm '■ ^ p) into a complete 
space {E, p); 

(2) fm'-X^ Xm are projections; 

(3) {Xm, Pm) are ultrametric spaces; 

(4) there is given a family {bm > : m G F}, bm G p{X,X) and for each 
b > the set {m : bm > b} is finite, where tm ■= iT^ip(x,y)>bm PiQmix) , qm{y)) 
and limmtm — 0, for each m > n and x and the inequality p{qm{x),qn o 
fni^)) < is accomplished. Then the mappings qm° fm converge uniformly 
to the embedding X ^ E. 

Proof. In view of Lemma 2.2 we may suppose that p(X, X) and Pm{Xmi X, 
f(L). If X and y E X and p{x,y) > bn, then o /„(a;),g„ o > t„. 

Prom conditions (1 — 4) it follows the existence of k such that p{qm°fm{x), qm° 
fm{y)) ^ tn for each m > k and for the ultrametric p, consequently, q — 
limmqm is the embedding, since p{q{x),q{y)) > tn- 

3.18. Theorem. Let (X, P) be a complete ultrauniform space and L be 
a locally compact field. Then there exists an irreducible normal expansion of 
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{X, P) into the limit of the inverse mapping system 

s = {p^j:^,,e} 

of uniform polyhedra Pn overL, moreover, limS is isomorphic with {X,P), 
in particular for an ultrametric space {X, p) the system S is the inverse se- 
quence. 

Proof. From Corollary 2.5 and Theorem 3.1 it follows the existence of 
the expansion of {X, P) into the uniformly isomorphic limit of the inverse 
mapping system R = {Yj, //, F} of ANRU Yj with non-stretching //, where 
Yj are the complete ultrametric spaces. Each Yj is closed in the finite products 
of the spaces co(L,Ak). From Lemmas 3.2-3.17 it follows the existence of 
the irreducible normal uniform polyhedral expansion for each Yj, moreover, 
using the permissible modifications of gf of // and the same Lemmas we can 
construct the system of the entire space (X, P) with the same properties. 

We consider further uniform coverings V corresponding to the uniform 
polyhedra P = [jwev^^ which due to Theorem 2.11 are ANRU. Let p be 
the pseudoultrametric in X and p{X,X) C r(L). At first, if V is given with 
the help of the chosen pseudoultrametric p, then we can associate with V a 
p'^-nerve with A; G Z, that is, an abstract simplexial complex Nk vertexes of 
which are elements from V. Its simplexes are the spans of (pulled on) vertexes 
Wj satisfying p(Wj, Wi) < p^b, where b = supyy diam(W) < oo, each rib 
[Wj, Wi] from s has the lenghts not less than t = 'm^Wj^^w^&v piWj, Wi) > 0. 
Then from Nk co(L,Ak) with card{Ak) = w{Nk) it follows that each s 
is uniformly isomorphic with some ball B{cq(L, A), 0,1), where card{A) = 
m < w{Nic). With each V is associated the equivalence relation: xRy if 
and only if there exists W E V such that x and y E W, then the quotient 
mapping / : X — > X/R is defined (see Propositions 2.4.3 and 2.4.9 [Q). In 
particular with each locally finite functionally open covering V is associated 
the partition of the unity {fw ■ W e V}, fw ■ X ^ B(L,0, 1), fw{x) = 1 
ioT X E W and fw{^) = for x ^ W, {fw : W E V} is subordinated 
to V (see aslo §5.1 [Q]). There are the canonical non-stretching mappings 
Ffc : X — i> Nk- If X is compact, then X/R is the finite discrete space and 
dim-L,Nk = 72 G N. Into each V may be refined a disjoint clopen uniform 
covering K with supp^g^ (imm(14^) < bp^^ , where j G N. That is, V has the 
uniform strict shrinking. 

In general there exist abstract simplexial complexes Ny with dimi^Ny > 
dim{X) > 0, if \^ is an arbitrary functionally open covering of X of order 
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not less than dim{X). For dim{X) = oo we interpret orders of coverings as 
cardinals equal to k > Kq. This is due to the following second procedure. 
If {Wj : j G Ay\r} are elements of a subfamily W of a covering V such 
that Wj are pairwise distinct and CljeAw then to W corresponds an 

abstract simplex s in co(L,A\y) such that Wj correspond to vertexes of s. 
Evidently, if the simplex s is clopen in the Banach space Co(L, A), then it is 
characterized by two points x,y E s such that s = B{co{L, A),x, \x — y\). If s 
with Int{s) = 0, then vertexes of s characterize a minimal Banach subspace 
of co(L, A) in which s is contained. 

Using the first procedure we can consider the sequence of such shrinkings: 
ym+i ym ^j^}^ — jjp-"^ ^ where m G N. With each V"^ is associated 
pfc{»")_nerve Ni^^j^y Let k{m) > —m, k{m + 1) < k(m) for each m G N and 
lim^^oo k{m) = — oo. If x is an isolated point in X, then there exists n G N 
with max(6„,p^*^")6„) < miy^x\{x} pix,y). Then the simplex s C A''fc(m) with 
X G s and m > n is zero-dimensional over L, that is, s = {x}. 

By the construction of Nk for each simplex s^+i C Nk{m+i) there exists 
C Nk{m) with C Sm, where // are the bonding mappings of 

the inverse sequence 5* = {Nk(m), fi^y N). Each f^~^^ is non-stretching, since 
decreases the distance at least into p times and bm/bm+i > P- x y, then 
there exists n with max(6„, fo^p^^*^"^) < p{x,y), consequently, for each m > n 
there are disjoint simplexes s and s' C iVfc(m) with a; G s and ?/ G s'. There- 
fore, there exists the uniformly continuous mapping g : X —>■ limS*, where 
g{x) = limm{sm, and Sm ^ x for each m G N. Therefore, the uniformly 
continuous projectors fm'-X^ Nk{m) are defined, since for each 6 > there 
exists r G N such that < h and = /;^+^ o 

and diam{fm(W)) < b, where W G V"^~^^, fm+riW) belongs to clopen star 
of the corresponding vertex v G Nk(m+r)- Further (see also Lemma IV.33 
p!0|l ) we can verify that g{X) = limS and g is the uniform isomorphism, 



m 



since f^^^i g:^ (sm) = {x} for the family {sm '■ 'm} corresponding to x (see 
above). 

Evidently, dimi^Nk(^rn) may be from for k{m) = —m up to card{A) 
with card{A) = w{X). For k{m) > —m in the inverse sequence S the 
mappings Z™"*"^ may map simplexes s from N^^n+i) into simplexes q from 
Nk{m) of lower dimension over L, for example, when Wm+i C Wm, Wm G 
V^™, W„ = B{co{L,Aj),x,r), Wm+i = B{co{L,An),x',r/p), card{An) > 
card{X / Rjn) > dimi^Nk(^rn) > card{Aj), since di'm-L,Nk(m+i) > card{An) for 
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k{m + 1) > —m — 1. This fact is based on the homeomorphism of D^°, 
B(L, 0, 1) and B(L, 0, 1)^°, where D = {0, 1} is a discrete two-point set (see 
also §). 

For the complete ultrauniform space {X,P) we can consider the base of 
uniform coverings {V^ : n G N, p e P}, where each is given relative to the 

considered p, S = {Np^k{m.), fp'^^^^'^jP x N}. To each there corresponds 
Np^k{m)] p' ^ P if and only if p\x,y) < p{x,y) for each x and y E X; 
{p', m') < {p, m) if and only ii p' < p and m' < m. If to associate Ny with 
dim{X) and orders of arbitrary functionally open coverings V" of the space 
X, then there exist an inverse spectrum of dimension equal to dim{X), where 
*V'^ < V" for each m < n E E, that is V"^ is a star refinement of V". We 
take {V"^ : m G E} such that for each x G X there exists a cofinal subset 
E{x) C E and a family {V^ : (3 G E{x)} with r\/3eEix)Vi^ = i^}- Let 
Pm = N^^ for each m E E and /™ : Pm — > Pn be uniformly continuous 
bonding mappings, g{x) = lim^jsm, /i"}, where Sm are such that 9 x for 
each m E E. Polyhedra Pm can be chosen such that sup(^(-p^) diam{s) < 
pk(m)jj lim^gF k{m) = —oo for each linearly ordered subset F of E such 
that F is cofinal with the first countable ordinal uo, s are simplexes in Pm, 
k{m) < k{n) for each m > n E F, where k{m) E Z, b = const > 0. Then 
g : X ^ limS is a uniform isomorphism. Using permissible modifications 
and Lemmas 3.2-3.17 we get the statement of this theorem. 



Absolute polyhedral expansions and their 
applications. 



Many of the results from about absolute polyhedral expansions in the 
classical case (that is, for polyhedra over R) may be transformed in the non- 
Archimedean case. Further the main differences are given. Part of lemmas 



and definitions from [jT2[ may be naturally reformulated and proved, for ex- 
ample, with the substitution of barycentric subdivision into p'-subdivision. 
We use Theorems 3.1, 3.18 and apply absolute polyhedral expansions at first 
to each ultrametric space Yj, then to the entire ultrauniform space (X, P). 
The polyhedra P considered in §4 as well as in §§2, 3 may have in general 
infinite dimension over L. 
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4.1.1. Definitions and Notes. A proper p^-subdivision of a complex 
j^a Q^gj, -g Qg^^gfj normal. Certainly dimi.K"' may be infinite. With the help 
of affine mappings for each simplexial complex K"- the space \K*\ of its p>- 
subdivision is the same as \K"'\. This space is denoted by K and is supplied 
with the ultrametric induced from \K"'\. A support of a subset Y G K 
relative to complex K"^ is the least subcomplex containing Y. A support 
of a point is a simplex s in A'" of minimal dimj^s containing it. If is a 
subcomplex (clopen) of a complex X", then the set K\Ki is called an open 
(clopen) subcomplex of a complex K"^. If A is an open (clopen) subcomplex 
of a complex K"^, then a set X \ A is a space of some subcomplex (clopen) 
of K"^, which is denoted by A'" \ A. The closure of an open subcomplex A 
of a complex K"^ is a subspace of all subcomplexes of K"^ consisting of all 
simplexes interiors of which are contained in A and in addition of all its verges 
in the non- Archimedean sense (see §2). The least clopen subcomplex of the 
complex K"- containing X, X G K"^, is called the polyhedral neighbourhood 
or the clopen star of a set X relative to K"^ and is denoted K'^X. They form 
a pointwise finite covering of K. Moreover, a point a; G is contained in 
a clopen simplex r if and only if its vertexes {ej : j & J} are all vertexes 
{cj : j G J} stars of which contain this point x. A clopen star of a subcomplex 
is by definition a clopen star of its space. A clopen star K°^Ki of a subcomplex 

in a complex K"" is by definition a union of all clopen simplexes in K"' 
which have nonvoid verge in the subcomplex K^. This means that K'^Ki is 
also a union of clopen stars of vertexes of the subcomplex K^. 

Subcomplex of a complex a space of which is a clopen star of a set 
X (subcomplex X*^) is called a star of the set X (subcomplex X") and is 
denoted by {K"'X)°' or by K"'X°', if X"' is the subcomplex of the complex 
AT". 

4.1.2. Lemma. Let K* he a normal, that is multiple -^P -subdivision, of 
a complex K'^ and t he a simplex in K* . Then there exists a vertex e G 

such that K'^t G K"'e. Moreover, if is the subcomplex of the complex K"- 
such that \t\ n -Ai 7^ 0, then e is the vertex in the subcomplex K^. 

Proof. By the definition for each vertex e e t we have -A"e C K^, if 
|t| n 7^ 0. Since simplexes s in K* form a disjoint covering of \K*\, then 
K*t G K*e. 

4.1.3. Definition. A subcomplex /Tj* of a complex i^" is called complete, 
if s C for each simpex s all vertexes of which are in K'^. 

4.1.4. Lemmas. Let be a complete subcomplex of a complex K"'. 
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(i) . If K* is a -subdivision of a complex K"-, then a p' -subdivision of 
the subcomplex induced by K* is the complete subcomplex of the complex 
K*. 

(ii) . /// : N"" K"^ is a simplexial mapping, then f~^K^ is a complete 
subcomplex of the complex N"-. 

Proof, [i). If r is a simplex in K"^, then r fl is a verge (may be 
void) of the simplex r. On the other hand, there exists embedding of K"' 
into co(L,w{\K"'\)). Therefore, has a disjoint paving by clopen balls 
Bi in cq(L,w{\K"'\)). For each simplex s in K* there exists a ball B in 
co(L,w{\K"-\)) such that B fl \K*\ = s. Each p'-subdivision of the simplex r 
in K"^ consists of a disjoint union of simplexes Si in K*. 

(a). If r is a simplex in A^", then f\r is an affine mapping, hence /(r) 
is a disjoint union of simplexes from K^. Therefore, /~^(/(t)) is covered by 
disjoint family of simplexes from A^". The same is true for verges of simplexes 
from A^"^. 

4.1.5. Note. In view of Lemmas 4.1.4 above Propositions 1.1.3 and 1.1.5 



from |T2[ are true also in the non- Archimedean case. 

4.1.6. Definition. Subcomplexes and K2 of a complex K"^ are called 
adjacent, if Ki = K \ K''K2 and K2 = K \ K'^Ki. 

4.1.7. Lemma. Adjacent subcomplexes and K2 of a complex K"" are 
complete subcomplexes. 

Proof. If r is a simplex or a verge of a simplex in K"^, then either r C 
or T C and n /Tf = 0. 

4.1.8. Definition. For complexes and K2 their join o K2 is 
defined in the corresponding Banach subspace Z of Co(L, Ai)©co(L, A2)©L = 
co(L, Ai -\- A2 + 1) with card{Aj) = w{Kj) analogously to the classical case 
with substitution of {a; : < x < 1} = [0, 1]r C R into i?(L,0, 1) = 
[0, 1] C L, where j = 1 or j = 2. Each simplexes ri in and T2 in K2 are 
characterized completely by their vertexes. Then each simplex r in o K2 
has a set of vertexes A^, which is a union of sets A,-, of vertexes of the 
corresponding simplexes tj in Kj, where j = 1 or j = 2. When K^r\K2 = 0, 
then Z = co(L, Ai A2 + 1). In general Z = cl[sp^{Ki U K2)]. 

4.1.9. Lemma. and K2 are adjacent subcomplexes of a complex K"- 
if and only if each simplex r of a complex K"^ has the form 

(i) r = Ti o T2, where Tj are simplexes in Kj, ri fl r2 = 0, j = 1 or j = 2. 
Proof. If subcomplexes are adjacent, then ri 0T2 is obtained by junction 
of each pair of points vi G ti and V2 G r2 by a segment [vi, f 2] in the sense of 
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§2.8.(2).(iii). On the other hand, equation (i) is equivalent to A^-^ fl = 0- 
The last equation for each pair of ri in and T2 in K2 implies that these 
sub complexes are adjacent. 

4.1.10. Note. In view of Lemma 4.1.9 above Propositions 1. 1.10 and 



1. 1.11 from are true also in the non- Archimedean case. 

4.1.11. Definition and Note. Let and be adjacent subcom- 
plexes of a complex K"^ and be a p'-subdivision of a complex K^. For 
each simplex ri of a complex let r* denotes be its p-'-subdivision induced 
by K^. For each simplex r in K"^ let r* = r* o T2, where ri = r fl K^, 
T2 = T n K2. Then the union SdK*K"' of complexes r* for all simplexes r of 
K"' is a subdivision of a complex if. This gives possibility to consider more 
general subdivisions than p'-subdivisions. 



Evidently, analogs of Propositions 1.1.12, 1.1.13 and 1.1.15 from |jT2| 



are 



true in the non- Archimedean case. The subdivision SciK^K"" of the complex 
K"^ is called the minimal continuation of a p-^-subdivision of a complete 
sub complex of the complex K"^. 

4.1.12. Lemma. SdK*K'' = U SciK^iK'^K'^), where K'^KI zs a 
clopen star of the subcomplex Kf. 

Proof. K \ {Ki U K2) is an intersection of clopen stars of complexes 
and K^^. 

4.1.13. Definitions and Notes. A mapping h : K ^ N is called linear 
relative to complexes K"^ and A^'^, if it is simplexial for the corresponding 
polyhedra. Since K^-S is the least clopen subcomplex of a complex K"^ con- 
taining a subset S C K, then K'^S C {N"- h{S)) , that is equivalent to 
h{K°-S) C N"-h(S). For each mapping / : X — K"^ by uJfK"- is denoted 
a covering of a space X by f~^K"'e, where K°'e are called main stars for 
vertexes e in K"^. Let < A^*^, K"^ >f denotes a subcomplex of a join A^" o K"^ 
of the complexes A^" and K"^ such that its simplexes are simplexes of A^" and 
K"^ and also /(r) or and all its verges, where r is a simplex of the complex 
K"^. Then < N°',K°' >/ is called a cylinder of the simplexial mapping /. 
There exists a retraction / :< A^", K'^ >f~^ such that f{x) = x for each 
X ^ N, f{x) = f{x) for each x & K. Evidently, Propositions 1.2.1, 1.2.4-10 
from |jl2[ are true in the non-Archimedean case also. 

4.1.14. Lemma, dinii^ < N°-,K"- >f= inax(dimi,N°-,dimi,f{K"-) + 
dimi^K'^ + 1). 

Proof. dimi,f{T) or < dimi^f{T) + dimi^r + 1 for each simplex r in K"'. 
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4.2.1. Definitions and Notes. A polyhedral spectrum {Xj; /j; N} 
is called standard if it satisfies conditions S.l, S.3, SA from |jT2| and the 
following condition: 

S.2 fl^^ is a simplexial mapping of a complex X^^Yi onto a normal sub- 
division (that is a -sub division with the corresponding j G N) X* of a 
complex X" for each z G N such that 

{i) limj^oo sup^(-jY<i (imm(//(r)) = 0, where r are simplexes in Xy The 
complex is called uniform if the corresponding to it polyhedra over L is 
uniform. 

An approximation of all subsets Y of an arbitrary ultrauniform space X 
simultaneously by one spectrum {X^; U} is called absolute, that is for 
each Y G X there exists Uy C U such that Y = limjX^; U} and for each 
Y' gY the following inclusion Uy/ C Uy is satisfied. This decomposition is 
called 

(a) irreducible if for each open V C X there exists cofinal subset C U 
such that {X^; Uy} is irreducible. It is called 

{b) uniform if each subspectrum {X^; Uy} is uniform. 

An absolute polyhedral representation is called uniform from above, if 
polyhedra P satisfy Condition 2.8.(l.(i)). A polyhedral spectrum is called 

(c) non-degenerate if are non-degenerate, that is for each simplex s in 
Xq restrictions are simplexial and dimi,fp{s) = dirrii^s. 

Notations and propositions from §§11.1-11.10 ||12[ are transferable onto the 
non-Archimedean case due to above results and definitions with the substi- 
tution of barycentric subdivisions onto p-'- sub divisions (see for example, t*_^_i 
in §11.1.11 



Let K![ be defined as in §11.3.1 ||12|. For two families Y'^ and Y-^ of sim- 



plexes from a mapping h : Y ^ Yi is called c-linear over the field L, 
if for each simplex r from Y'^ (that is from some subcomplex Y'^ fl -ft'fj+i, 
where i G N) there exists g G N such that /i(r) C and the map- 

ping hl^- is simplexial. In view of II. 4. 7 [l^ {Kn; hj/,lSi} is an inverse 
spectrum, its limit space is denoted and it is called the cone of the 
spectrum {Ki^f, hj^i^N}. Then a{i) is a space of a complete subcomplex 
a"-{i) C Xf, a''{i) = f^q^i{a{i)), a^{i) := X^_^^a^{i) is a polyhedral neigh- 
bourhood (clopen star) of a set a^{i) C Xj+i relative to a complex X°^^, 
since the space Xj+i = jXj'Yil of a complex X"_|_^ is the disjoint union of the 
corresponding simplexes s forming its covering such that spaces |s| of these 
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simplexes are clopen in Xj+i. Propositions analogous to II. 1.9, 11.7.18,19, 
II. 9. 22 |12] follow from Lemma 4.1.9 above. 

4.2.2. Lemma. dimi,{Xa r\ Ki_i i) < dimi^a{i) . 

Proof. In view of §11.7.13 [|1^ we have Xa H Ki_i i = Xa,i H Ki_i^i. 
Let M^^ be a subcomplex of a complex K1_^^ such that M^^ is a union 
of simplexes a o /j j_i(cr), where a is a simplex of the complex X" such that 
fi^i-i{a) C Xi_i\a^{i—2). Then hi^^ '■ ~^ ^ia the simplexial mapping 
and /ii,„(Mj,„na(i)) = Xo^^i^Ki^i^i and hi^a{Mc,ir\Ka,i) = X„,ini^i_i,i (see 
also §§11.9.14-19 |[l^). For each simplex s we have dimj,s = card{As), where 
d{sp-Ls) = co(L, As), the closure is taken in the corresponding Banach space 
co(L,A) in which the complex is contained, sp-L,s denotes the L-linear span 
of s. 

4.2.3. Lemma. For each i G N and a; G U there are mappings hi^a 
satisfying conditions 

(1) hi^a is c-linear overL; 

(2) hi^a{x) = hi^i^a{x) for each x G Ki^i^i; 

(3) hi^a{x) = hi^i^ahi,i^i{x) for each x G h^l_^{a{i - 1)); 

(4) hi^a{x) = X for each x E Xi \ a^{i — 1). 

Proof. For i = 1 the mapping /ii „ is identical for each a G U in ac- 
cordance with §11.9.7 ]12|], hence it satisfies Conditions (1 — 4). Let hi^a 
satisfies Conditions (1 — 4) for each i < n. Then hn+i,a is defined by 
Conditions (2 — 4). Moreover, a{n) and a^{n) may be taken clopen in 
Xn and Di := h^li .^{a{n)) are clopen in Xn+i, then Di and D2 := i^i^n 
and D-^ := M„„+i are closed in Ki n+i- For each simplex r C Ki^n+i each 
point X G r has the form x = aiXi + a2X2 + 03X3, where aj G -B(L,0, 1), 
Xj G Dj. Let (7 : Co © Co © Co —> Co be the mapping of evaluation, that is, 
g{xi,X2,X3) = xi + X2 + X3, : Dj Ki^n+i are continuous mappings, so 

hn+l,a ('f- 

) = {g{aih^{xi), a2h'^{x2), ash^i^xs)) is continuous. If to consider uni- 
form polyhedra, then the simplexial mappings / : K"^ — > N"- are considered as 
uniformly continuous. Then to the cylinder < N'^,K°' >/ it corresponds the 
uniform polyhedron, since f{K) = N. Then K'^^, X^, X*, K*- and K'^- from 
§11.1 in correspond the uniform polyhedra over L, since K*j = Sdx^ *K^j 
and inf ^^^^^^0 .^^ ^ simplexes from /r*^) distiV, W) > 0. For T = 
Ki = UjgN-^j,i+i) K^, and X^ the latter condition may be not satisfied, 
but supj^^^ jg sixnpiex from t) diamiV) < 00. At the same time T is not nec- 
essarily complete, since it is not necessarily ANRU. If fj^i = // : Xj Xi, 
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fj : Xi are non-stretching (uniformly continuous), then hj^i from 

§11.4 and hi from §11.5 in [12] are also non-stretching (uniformly continuous 
respectively). Then from hi^a = 'id and (1 — 4) with induction by j for each 
a it follows that hj^a are non-stretching (uniformly continuous correspond- 
ingly). From this it follows that the mappings from §11.10 and hence 
also fa^j3 and fa from §11.11 and §11.9.27 [|12| are non-stretching (uniformly 
continuous respectively). 

4.2.4. Lemma. For each open covering VofW which is a clopen subset 
in a limit limjjXj, //,N} =: ^X of an inverse sequence of polyhedra there 
are a G U such that Wa = W and a clopen covering w j^X"^ C {/~^(X*g) : q} 
ofWa by f~^{X*q) of the main stars X*q of the complex X^ is refined into 
V. 

Proof. Let a°'{i) be a subcomplex of a complex such that a simplex 
cr of a complex X^ is a simplex of a complex a°'{i) if and only if f'^^X^e) 
is contained in the corresponding element U{e) of a covering V for each its 
vertex e. Then a°'{i) is a complete subcomplex of a complex . That for a 
sequence a{i) to verify condition 



{A) a'^{i) C a{i + 1) for each z G N as in §11.11.20 ||T2| it is sufficient 
to mention that X* is the p'-subdivision of the complex with j > 1, so 
Xfr C Xfg for some vertex q G Xf . In this case the main stars are clopen, 
hence Wf^X* is the clopen covering. If {qj : j = 0, 1, 2, ...} are vertexes from 
Xf stars of which contain fi{x), then there is a clopen simplex r C X° with 
such vertexes and fi{x) G r. At the same time the star St{qj,Wf.X^) with 
each qj is contained in V, consequently, r C a"'{i) and /j~^(a(?)) is clopen in 
Wa- Each p-' -sub division X*_^ of a complex X^_-^ is proper for each j G N, 
consequently, X*_]^cr C X°'_^q for some suitable vertex q in the complex Xf_^, 
where a is the simplex in X*_p Therefore, /ij_i(X*e) C X*_iq, where q 
is a vertex of the complex a"(z — 1). Since /~^(X*g) contains the clopen 
subcovering, then Wa is clopen and Wa = W. In the case of separable 
/~^(X*g) this subcovering can be chosen disjoint due to ultrametrizability 
of fa\X*Q) (see Theorem 7.3.3 in ||). 

Vice versa, let x E W and x E U & V. Coverings u;/.X* satisfy Condition 
4.2.1.(i) such that St{x,ujf^X^) C U. Let {cj : j G Aj^^;} be vertexes of the 
complex Xf, stars of which contain the point fi{x). Then fi{x) G r, where 
r is a clopen simplex of a complex Xf with the described above vertexes. 
Since /"^(Xfej) C U for each j G Aj .j., then r is the simplex in the complex 
a'^{i). Therefore, x G fT^ir) C ff'^{a{i)) C 14, hence W = 14. 
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4.2.5. Lemma. IfY C ^X, fi{Y) = X, // : Xj Xi are irreducible 
mappings for each J > G N, then : X^ X* are irreducible and 
faiX^Va) = X* for each a G U and Y is dense in ^X . If fi are irreducible 
for each i, then are irreducible for each a G U. 

Proof. From irredicibility of // and Lemma 3.5 it follows that for each 
(clopen) simplex r C X^ the mapping f- \^jj-^-i,^^-^^^_ is essential. Let /? G U 
and t be a simplex in the complex X^, then there exists some ^-^-subdivision 
a* of the simplex a from K^_-^ ^ fl X^ ■ and there exists a simplex r from 
Ma,ir\a{i) such that a = hi^a{T) and t is a simplex from a*. From §11.3.2,10.2 
(c-linearity of ha : Ki Ki), §11.7.1.4,7.15 and §IL4 {fp^a = halx/,, Xa = 
UigN^o.i) ^ai = -^a ^ ^1 i) '^^ follows that = fp^a is irreduciblc due 
to Lemmas 3.4 and 3.5, since ha is essential on t C Xj^. Indeed, due to 
II. 4. 9 we have hj^i = fj^i for x G Xj and j > i. In view of II. 10.3 we have 
ha{x) = hi^a{x) for X G Ki a- In view of II. 9.1 we have ha{x) : Ki i Ki i 
is c-linear and hi^a = "id, in addition, by II. 9. 3 hia{x) = h.i_i a o 
for X G h~l_i{a{i — 1)), by II. 9. 4 hi^ai^) = x for x E Xi \ a^{i — 1), also 
a^{i) = X°-^^a^{i) is the clopen star relative to the complex Xl^^, where a^{i) 
is the clopen subcomplex (and the subpolyhedron as the subspace) in X°^^, 
consequently, we can suppose that a^{i) = a^{i) in this non- Archimedean 
case. The rest of the statements of this Lemma follows from §11.11.22 in [|1^ 



4.2.6. Definition. A mapping / : X — > K'^ into a simplexial complex 
K"^ is called locally finite, if each x G X has a neighbourhood U such that 
f{U) is contained in a finite subcomplex (that is the subcomplex consisting 
of finite number of simplexes and their verges) of a complex K"^. 

4.2.7. Lemma. // all mappings fi : '^X — Xj are locally finite and Xj 
are locally finite- dimensional over L, then all mappings fa '■ Va ^ X* are 
locally finite. 

Proof. Since Xj are locally finite-dimensional over L, then each its p'- 
subdivision is also locally finite-dimensional over L, hence X* and X^ are 
locally finite-dimensional over L, since L is locally compact. For x E Va 
and a G U we have x G /~-^(q;^(z)), since Va = Ui^i /^("HO)- If is a 
neighbourhood of x such that fi+i{W) is a finite subcomplex P"^ of a complex 
Xf+i. Taking W C f-^\{a{i + l)), then P Ga{i + 1). Since /i„ is c-linear over 
L, then ha{P) is contained in a finite number of simplexes from X^, hence in 
a finite number of simplexes of its subdivision X*, hence fa is locally finite, 
since fa\ = hafi+i\f-i^(^aii+i)) due to Propositions II.10.4 and 11.11. 3 
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4.2.8. Lemma. // all Xi are finite- dimensional dim{Xi) < oo, then 
the complexes can be chosen locally finite and such that dimi^{Xa) < 
supjgjvj dimi^Xi. 

Proof. This follows from Theorems 3.1, 3.18, since complexes Ki for 
each Yj can be chosen locally finite and X^, C Ki. The second statement 
follows from Lemma 4.2.2. 

4.2.9. Theorem. Each ultrauniform space (X, P) has an irreducible 
absolute normal and uniform from above polyhedral representation 

T:={XpJl\}} 

over L, that is, for each Y C (X, P) there exists an ordered subset Uy C U 
such that there exists an uniform isomorphism 

''f-.Y-^ lim{X^, , Uy} 

(that is ^ f is a bijective surjective mapping, ^ f and ^ f~^ are uniformly 
continuous). Moreover, as an absolute polyhedral expansion T (not necessar- 
ily uniform such that X is homeomorphic with \im.T) may be chosen locally 
finite- dimensional Xp over the field L. // dim{X) = k, then there exists 
k-dimensional T over L and 

{X^,f^,[}x} 

is non- degenerate (and irreducible for complete X) such that there exists a 
homeomorphism 

g:X^\im{Xf3j^,[Jx} 

with irreducible surjective mappings ga '■= fa ° 9- 

Proof. Let S = {Xj,f-} be an inverse polyhedral sequence over L. 
Then sections X^ and bonding mappings for /? > a G U form the inverse 
mapping system 

i? = {X^,/f,U} 

that is an expansion of S and the absolute polyhedral expansion for X = 
lim^*. If Xi are uniform polyhedra and // are non-stretching (or uniformly 
continuous) irreducible simplexial mappings for each j > i € N, then the 
same is true for for each /3 > a G U. From Theorem 3.18, Lemmas 
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and Notes 4.1.1-4.2.8 above and §11.12 in |T2[ it follows the existence of the 
homeomorphism 

^/ : lim{X^, , Uy} ^ Y 

such that ^/ is uniformly continuous, since and are non-stretching. 
From Lemma 3.17 it follows that ^/ is the uniform embedding, since 

lim sup diam{s) = 

(s are simplexes from x°) 

and due to the consideration of the sequence {a{j) : j > i} = a. Indeed, the 
corresponding has the cofinal subset E (Z Uy such that for each b > 
the set {a : sup^^^ ^^^.^ simplexes from x ) diam{s) > 6 is finite and Va = 
h~^{Xa) n and Y = flaeUy ^a, so that ^/^^ is uniformly continuous. 

Each ultrametric space (X, p) has the topological embedding into B(L, 0, 1)"'(^) 
and into D^^^^ which are compact (see §6.2.16 in |]^). In particular, the sep- 
arable space X has the embedding into B(L,0, 1)'^ for each g G N and for 
q = Kq, but not uniformly in general, for example, Co(L, N) is complete, but 
it is not compact. From this the last statement of the Theorem follows. That 
is, for the polyhedral expansions reproducing the uniformity up to an isomor- 
phism with the initial ultrauniform space in general infinite-dimensioanl over 
L polyhedra may be necessary and sup^rfimLX^ < w{X). For the polyhe- 
dral expansion reproducing X up to a (topological) homeomorphism locally 
finite-dimensional Xp are sufficient, that is for each x G X^ there exists a 
clopen simplex s in X/3 such that x G s and dimi,s < Kq, since L'"*-"^-' is a 
limit of an inverse system of finite-dimensional polyhedra over L. In view of 
Lemma 2.5 it is sufficient to take U with card{\J) < ^ocard{P')2'^^^\ where 
P' is a subfamily of P of minimal cardinality, which generate the same uni- 
formity in X, since sections X^ of the spectrum for each ultrametric space 
Yj are spaces of X^ for Yj, where X^ is a collection of simplexes s from 
Ki = U^i Kq,q+i such that all vertexes of s are in |J^i(«('?) \ '5^(q' — !))• If 
card{X) > Kq', then Kocarci(P')2"'(^) = 2"'(^), since 2"'(^) > Kocarrf(P'). 

If dim{X) = k, then by Theorem 3.18 there exists fc-dimensional over 
L inverse mapping system S associated with coverings of order k. For 
dim{X) = 00 we can use orders of coverings as cardinals equal to A; > 
and as follows from results above bonding mappings and polyhedra 
can be chosen such that there exists m G Ux with dimi^Pm = k. The final 



part of the proof is analogous to that of Theorem 12.21 |]T2| 
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4.2.10. Corollary. If in a complete ultrauniform space (X, P) a sub- 
space R is compact and each closed subset G, G G X \ R is such that G 
may be uniformly embedded into i?(L",0, 1) with n = n{G) G N, then X is 
uniformly isomorphic with lim5', where S = {Pm,f^,E} is an irreducible 
normal inverse mapping system and Pm are uniform finite- dimensional over 
L polyhedra. 

Proof. For Xp \ Rp there is a sequence of closed subsets Gp{k) with 
UfceN Gp{k) = Xp\Rp and uniform clopen neighbourhoods Gp{k) C Up{k) C 
i?(L",0,r„), n = n{Gp{k)) such that there exists a uniformly continuous 
retraction r^^p : Up{k) Gp{k) and a family 

:= sup M p{x,y) 

satisfying conditions of Lemma 3.17. From Rp C i?(L",0, 1) and the exis- 
tence of the family {Up{k)} such that \im{Up{k); /^/^z, F} = X \ Int{R) for 
some directed F C P x N it follows the existence of the inverse spectra 5*. 
Indeed, fp^k may be extended on i? \ Int{R) and compacts fp,k{R \ Int{R)) 
may be uniformly embedded into Up{k), and spectra for R and X \ Int{R) 
may be done consistent on R\ Int{R) that to get S for X (see also Lemmas 
3.2, 3.3.1). 

4.2.11. Note. In view of Theorem 1.7 in |^ an incomplete uniform space 
{X, P) is not ANRU, hence in S in general polyhedra Xa are incomplete, for 
example, Xq, = Q x B(L, 0, 1) in L^. 

4.3. Theorem. Let G be a locally compact group with a left ultrau- 
niformity P and X is closed in G. Then X is uniformly isomorphic with 
a limit of an inverse mapping system lim S and Pm are finite- dimensional 
uniform polyhedra over L of an irreducible normal inverse mapping system 

s = {Pmj:r,E}. 

Proof. Let V be a compact clopen neighbourhood of the unit element e e 
G, P be the family of the left -invariant ultrapseudometrics in G {p{yx, yz) = 
p{x, z) for each x, y, z E G and p G P, see P, |ll|). That is V = {x E G : 
p{x, e) < b} for some p G P and b G Fl. The closed subgroup Hp := {x G 
G : p{x, e) = 0} defines the equivalence relation Tp in G: gTph, if h^^g G Hp, 
since the left classes hHp are either disjoint or coinside. Therefore, there 
exists the uniformly continuous quotient mapping Tip : G — > Gp '. — G/Tp, in 
addition V D Hp and VHp = V. From the compactness of V/Tp =: Vp it 
follows that Gp is a locally compact ultrametric space. From the completeness 
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of X it follows that Xp is closed in Gp ^ co(L, Ap) with card{Ap) = w{Gp). 
Therefore, X DV has due to Theorem 3.18 the finite-dimensional over L 
polyhedral expansion. In G there is a family M of elements such that gV fl 
hV = ^ for each g ^ h e M and G = [jgeM 9^ ■ H g ^ h e M, then p{g, h) > 
b, since from p{g, h) < b it would follow that p{gV, hV) < b and gVnhV 7^ 0, 
that contradicts the definition of M. Then Y{g) fl Y{h) = ^ ioi g ^ h E M 
with Y{g) := Tip{gV) and Gp = e^g^ Y{9) and = e^^^f ^pHF (^). From 
this the statement of the Theorem follows. 

4.4. Theorem. An ultrauniform space (X, P) is homeomorphic with 
limS with Cech-complete finite- dimensional over L polyhedra Pm and an 
irreducible inverse mapping system S = {Pm, f^, F} if and only if X is 
Cech-complete. 

Proof. At first we verify that for {X, P) the condition of Cech-completeness 
is equivalent with the L-completeness. The latter means that X has the em- 
bedding as the closed subspace into L^, where carder) < w{X). If X is 
L-complete, then X has the embedding as the closed subspace into R^, since 
L is Lindelof and X is Cech-complete due to §3.11.3, 3.11.6 and 3.11.12 in 

To prove the reverse statement we verify that the L-completeness is equiv- 
alent to the satisfaction of the following conditions: there is not any Ty- 
chonoff space Y for which 

(LCI) there is the homeomorphic embedding r : X Y with r{X) 7^ 
c/(r(X)) = Y and 

{LC2) for each continuous function / : X — L there is a continuous 
function g : Y such that g o r = f. Evidently, that it is sufficient to 

consider the case of ultrametrizable X. For such X the family of continuous 
/ : X — > L separates points x E X and closed subsets C for which x ^ G, 
for example, f{x) = p{x,G) = iiaiyfzc p{x,y). Then substituting R on L in 
the proof of Theorem 3.11.3 we get the desired statement. 

There is a continuous function /i : L R with h(L) = R and for each 
continuous g : X — >■ R there is a continuous function t : X — L such that 
h o t = q. The latter is sufficient to verify for (X, p), since for (X, P) this 
statement may be obtained with the limits of the inverse system. For (X, p) 
and each 6„ > there exists a locally constant : X — L such that h otn 
and q are 6„-close, since (X, p) is the disjoint union of clopen subsets Y{i) 
with su-p^diam{f{Y{])) < b, h-\Y{j)) C L, h-\Y{j)) n h-^{Y{i)) = for 
i ^ j- Therefore, there exists a sequence {t„ : n G N} giving the desired 
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t = lim„^ooi^n, where liiiin^oo&n = 0. Let (X, P) is Chech-complete and not 
L-complete, then there would be a homeomorphic embedding r : X ^ Y 
with r{X) 7^ cl{r{X)) = Y and for each continuous function / : X — > L 
there is a continuous function g : Y ^ L with g o r = f . Consequently, 
each continuous function g : X ^ R has continuous functions t : X — >■ L 
and g : Y ^ L with g o r = t and hogor = hot = q, that contradicts 
Chech-completeness of X. 

If X is homeomorphic with lim S, then X is Chech-complete, since each 
Pm is Lindelof and Chech-complete. 

If X is Chech-complete, then X is homeomorphic with limjXQ,, (7^, £'}, 
where each Xq, is locally compact and has the embedding into L"^") as the 
clopen subspace, where n{a) G N (see also Corollary 5 from Theorem 9 in 
pOU and Proposition 3.2.17 in From Theorems 3.18 and 4.9 it follows 
that X is homeomorphic with lim S, where Pm are finite-dimensional over L 
polyhedra. 



5 Polyhedral expansions and relations between 
ultrauniform and uniform spaces. 

5.1. Theorem. For each ultrauniform space (X, U) there exists a uniform 
locally connected space (Y, V) and a continuous quotient mapping 6 : X ^ Y 
such that 

{{} e{X) = Y, d{X) = d{Y), w{X) = w{Y); 

(a) if X is dense in itself, then Y is dense in itself; 

{Hi) ifX = ®.j Xj, then Y = 0^. Yj; 

{iv) there exist natural compactifications cX and cqY such that 9 has a 
continuous extension on cX and 6{cX) = cqY ; 

(f) if Z is a subspace of X, then there exists a subspace WofY such that 
Condition (i) is satisfied for Z and W instead of X and Y ; 

{vi) if X has a n-dimensional polyhedral expansion over L, then Y has a 
n-dimensional polyhedral expansion over R. 

Proof. In view of Theorem 2.3.24 the Cantor cube D"^ has the 
weight m, where D is the two-point discrete set, D"^ = Uses ^s, card{S) = 
m, Ds = D for each s G 5. In view of Corollary 6.2 [^] for each non- 
Archimedean infinite locally compact field L with a non-trivial valuation a 
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ball -B(L, X, r) := {y G L : |x— ?/| < r} is homeomorpliic to D^°. On the other 
hand, there exists a well-known quotient mapping of -D^° onto [0, 1]. It can be 
also realized for B(L, 0, 1) and in particular for Zp := -B(Qp, 0, 1), where p is a 
prime. Let s be a unit ball in Co(L, a) and 6 : B(L, 0, 1) [0, 1] be a quotient 
mapping. Then this mapping generates a mapping 9 : s 9{s) C Co(R, a), 
where 9{s) = {y E 9{x) : x = {x^ : j G a), \x^ < l,x E Co{L,a)}, hence 
[y^ : j E a) = y, y^ = 9{x^) and for each e > we have card{j : \x^ > 
e} < Ko, hence card{j : \y^\ > e} < such that y^ G [0, 1]. If {ej : j G a} 
is the standard orthonormal basis in co(R, a), then under the embedding 
co(R, a) ^ co(R, a)* associated with this basis to each Cj there corresponds 
a continuous linear functional G co(R, a)*, where co(R, a)* is a topolog- 
ical dual space, such that e^{ei) = 6j. Therefore, 9{s) = {y E co(R, a) : 
< e-'d/) < 1}, which is by definition a simplex in co(R, a) such that if 
y G and < \\y\\ < 1, then i?(co(R, a), min(||y||, 1 - |||/||)) C ^(s). 

On the other hand, if 6 is a simplex in Co(R, a) and b C i?(co(R, a), 0, 1), 
then 9-^{Int{b)) is open in co(R,a), 9~^{Int{b)) if 7^ 0, since ^ 

is continuous. Choose a such that 6 is a canonical closed subset in co(R, a), 
then 9~^{b) is closed in co(L,a). Therefore, cl{9~^{Int{b))) = 9~^{b), since 
9^^{Int{b)) C 9^^{b) and if c is a canonical closed subset in [0, 1], then 9~^{c) 
is a canonical closed subset in . 

If X = limjXa,, E} is a spectral decomposition of an ultrauniform 

space and are polyhedra in co(L, 7q,), then 6^ generates 9a '■ —>■ 9a{Xa), 
where 9a{Xa) are polyhedra in co(R, 7a), since each Xa can be presented as 
a union of simplexes of diameter not greater, than 1. Then := 9^ o o 
9~^ : 9a{Xa) 9i3{Xp) =: Xp are continuous bonding mappings. In view 
of Lemma 2.5.9 the topological space 9{X) = lim{XQ,, E} is locally 
connected and 9{X) is the quotient space of X. 

Now we proof that if X is given, then Y satisfies Conditions {i — vi). 
In view of Proposition 2.5.6 ||^ are satisfied {iii,v). On the other hand, 
dirrii^Xa = dim-^Xa for each a E E, consequently, (vi) is fulfilled. Since 
d{Xa) = d{Xa) and w{Xa) = w{Xa) for each a, then (i) is fulfilled. If x is 
an isolated point in X, then there exists a E E such that isolated 
point of Xa, consequently, Xa is an isolated point of Xa- 

For prooving (iv) we consider cX equal to some specific compactification 
cX of X, where X is a completion of the uniform space X. Therefore, the 
consideration reduces to the case of a complete X. In such case X has 
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the uniform polyhedral expansion such that conditions 2.8{i,ii) are satisfied. 
Then we take cX as \im{caXa, E}, where Cq,Xq, are compact spaces. Since 
each Xq, is a uniform polyhedron we take Cq,Xq, as a topological sum of 
compactifications of disjoint polyhedra s in X^. Practically we take the 
Banaschewski compactification of each s [^. If s = -B(co(L, 7^), x, r), then 
its Banaschewski compactification is isomorphic with B(L, 0, 1)", where 
a = 2'^°''^°. Therefore, 9a has a continuous extension onto CaXa = 0s6Xa ^aS- 
Evidently, 9a{s) = [0, 1]" is the Stone-Cech compactification of 0{s). 

It remains to prove statements about compactifications of simplexes. Let 
Bco{s) denotes an algebra of clopen subsets of s. Instead of a ring homo- 
morphism 77 : Bco{s) — > F2 in the Banaschewski construcion let us consider 
a ring homomorphism 7] : Bco{s) — > Zp, where F2 is a finite field con- 
sisting of two elements. Topologically Zp is homeomorphic to F2^", where 
a = c"''^*-* = 2'*'"^°. The family Q of all such distinct r], which has a-additive 
extensions onto Bf{s) has the cardinality |Q| = c'^^^\ where w{s) = 7q,Ko 
and Bf{s) denotes the Borel a-field of s, since |Zp| = c and each such rj is 
characterised by a countable family of atoms aj such that limj^ooVi^^j) — 
(see Ch. 7 [^). Therefore, s has an embedding into Zp" = ¥2""- The family 
Q is a subfamily of a family T of all ring homomorphisms t]. Another way to 
realize a totally disconnected compactification 7s of s is in the consideration 
of the space H := C°(s, Qp) of bounded continuous functions / : s — > Qp. 
To each x G s there corresponds a continuous linear functional x' G H* such 
that x'{f) = f{x) and ||a;'|| = 1 due to Hahn-Banach Theorem, since Qp 
is spherically complete, where H* denotes the Banach space of continuous 
linear functionals on H. In view of Alaoglu-Bourbaki Theorem (see Exer. 
9.202 H) the unit ball U := B{H*, 0,1) is a(i/*, i/)-compact. Therefore, 
the closure 7s of 7(5) in U is compact, where 7 is an embedding of s into 
U. From this construction we have 7s = Zp'*. From Example 9.3.3 [|19| 
it follows that the Stone-Chech compactification of 6{s) is equal to [0, 1]". 
Then s'^ = 7s, since d{s'^) = d{s) and due to Hewitt-Marczewski-Pondiczeri 
Theorem g Z^ C s'^ C Z^. 

5.2. Theorem. For each locally connected uniform space {Y, V) there 
exists an ultrauniform space {X, U) and a continuous quotient mapping 6 : 
X such that 

(z) e{X) = Y, d{X) = d{Y), w{X) = w{Y); 

(a) if Y is dense in itself, then X is dense in itself; 
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(m) ifY = Yj, then X = Xj; 

(iv) there exist natural compactifications cX and cgY such that 9 has a 
continuous extension on cX and 6{cX) = cgY ; 

(v) if Y has a n- dimensional polyhedral expansion over R, then X has a 
n-dimensional polyhedral expansion over L. 

Proof. From the proof of Theorems 2.4 and 5.1 it follows that there exists 
a topological embedding of Y into a subspace Z of H*, where H := C*°(F, R), 
such that Z is isomorphic with co(R,,ord{Y)), where ord{Y) is an ordinal 
associated with Y, Z = cl{sp-RY), the closure of the linear span of Y over 
R is taken in H* (see also H, |15|). Therefore, polyhedra of a polyhedral 
expansion of Y can be realized in Z. To each simplex q in co(R, ord{Y)) there 
corresponds a simplex s in co(Qp, ord(Y)) such that g is a quotient space of 
s and dimnq = dirriQ^s. Let y be a completion of Y and Qa be polyhedra 
of the polyhedral expansion of Y. Then there are uniform polyhedra Pa 
such that X = lim{P<„/|,E} and e{X) = \im{QaJ^,E} = Y, where 

:= Op o o : and then analogously to the proof of Theorem 5.1 we 
get statements of Theorem 5.2, where X = 6~^{Y). 

5.3. Corollary. Let spaces X and Y be infinite as in Theorems 5.1, 
5.2, then for absolute polyhedral expansions T = {Pa, fp, U} of X and S = 
{Qa, (7^, V} ofY there is equality card{\J) = cardiy). 

Proof. In view of Theorems 5.1 and 5.2 to the inverse mapping system 
Tx = {Pa,/^,Ux} there corresponds the inverse mapping system Ty = 
{Qq,,/^,Ux} such that X = limTx and Y = limTy, where Pa and Qa 
are polyhedra over L and R respectively. The bonding mappings f^ are 
simplexial, but are not simplexial. Using permissible modifications (see 
§2.8, Lemmas 3.2 and 3.8) we get a polyhedral expansion W = {Za, h"^, F} 
of Y such that are simplexial and Za are polyhedra. Moreover, card{F) = 
card{\Jx)'^o = card{\Jx), since polyhedra Qa are metrizable. Using sections 
of the polyhedral expansion for Y we get S with card{\J) = cardiy). Vice 
versa, using S we get Sx-, then with the help of permissible modifications we 
construct by Sx polyhedral expansion of X and using sections of spectrum 
we get an absolute polyhedral expansion for X. 

5.4. Note. Certainly there is not in general a mapping of T into S or 
vice versa for T and S from §5.3. 

Each simplex s is clopen in its polyhedra P over L, but in general P may 
be not open in the corresponding Banach space, because may be cases of s in 
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P such that dim-LS < dimj^P = sup^^p dimi,s. There is the following partic- 
ular case of spaces X, when in their polyhedral expansions S = {P„, E} 
polyhedra P„ are clopen in the corresponding Banach spaces. 

5.5. Let H he a locally K-convex space, where K is a non- Archimedean 
field. Let M be a manifold modelled on H and At{M) = {{Uj, fj) : j e A} 
be an atlas of M such that card{A) < w{H), where fj : Uj Vj are 
homeomorphisms, Uj are open in M, Vj are open in H, Ujga Uj = M, fiofj~^ 
are continuous on fj{Ui fl Uj) for each Ui fl Uj ^ 0. Let K, H and M denote 
completions of K, H and M relative to their uniformities. 

Theorem. Ij H is infinite- dimensional overK. or K is not locally com- 
pact, then M is homeomorphic to the clopen subset of H . 

Proof. Since H is the complete locally K-convex space, then H = 
pr — limjifg, vr^, F} is a projective limit of Banach spaces Hg over K, where 
g G F, F is an ordered set, : Hg ^ Hy are linear continuous epi- 
morphisms. Therefore, each clopen subset W in H has a decomposition 
W = lim{iy^, TT'J, F}, where Wq = tt'^(W) are clopen in Hg. The base of 
topology of M consists of clopen subsets. U W C Vj, then ff^iW) has an 
analogous decomposition. From this and Proposition 2.5.6 [H it follows, that 
M = lim{Mq, TT^, F}, where Mg are manifolds on Hg with continuous bonding 
mappings between charts of their atlases. If H is infinite-dimensional over 
K, then each Hg is infinite-dimensional over K [^. From card{A) < w{H) 
it follows, that each Mg has an atlas At'{Mg) = {U'j^g] fj^g] A'g} equivalent to 
At{Mg) such that card{A'g) < w{Hg) = w{Hg), since w{H) = w{H), where 
At{Mg) is induced by At{M) by the quotient mapping vfg : M — ^ Mg. In 
view of Theorem 2 [T^ each Mg is homeomorphic to a clopen subset of 
Hg, where kg : Mg Sg are homeomorphisms. To each clopen ball B in 
Hg there corresponds a clopen ball B = B n Hg in Hg, hence Sg = SgH Hg 
is clopen in Hg and kg : Mg is a homeomorphism. Therefore, M is 

homeomorphic to a closed subset V of H, where h : M ^ V is a homeo- 
morphism, V G H, h = \im{id, kg, F}, id : F ^ F is the identity mapping. 
Since each kg is surjective, then h is surjective by Lemma 2.5.9 |^. If x G M, 
then ng{x) = Xg G Mg, where n : H ^ Hg are linear quotient mappings and 
TTg : M — i> Mg are induced quotient mappings. Therefore, each x G M has 
a neighbourhood iig^iYg), where Yg is an open neighbourhood of Xg in Mg. 
Therefore, h{M) = V" is open in H. 

5.6. Theorem. Let M be a manifold satisfying conditions of Theorem 
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5.5, where K is with non-trivial valuation, M and K are complete relative to 
their own uniformities. Then M has a polyhedral expansion S = {P„, E} 
consisting of polyhedra Pn clopen in the corresponding Banach spaces Hg over 
K. 

Proof. We treat the case of non-complete K also. Let K be a completion 
of K relative to its uniformity. If K is not locally compact then K contains 
a proper locally compact subfield L |2^. Since M is homeomorphic to a 



clopen subset of H, then a completion M of M is homeomorphic to a clopen 
subset in a completion H of H, where H is over K. If L is a locally compact 
subfield of K, then L is spherically complete and H can be considered as 
the topological vector space over L [0, By Lemmas and Theorems of 
§3 we can choose Pn clopen in the corresponding Banach spaces over L. We 
also can choose polyhedra over K, repeating proofs for M over K. In §3 
polyhedra over locally compact field were chosen that to encompass cases 
of compact spaces X, but polyhedra can be considered also over K. For 
compact X and non locally compact K such polyhedral expansions have 
little sense, since discrete P„ with singletons s as simplexes may appear 
such that dim-frS = 0. But for the manifold M due to embedding into H 
as the clopen subset we get the polyhedral expansion such that P„ are non- 
trivial over K, moreover there exists a polyhedral expansion such that P„ are 
clopen in the corresponding Banach spaces Hg for each n. Using absolute 
polyhedral expansions constructed with the help of sections of the initial 
polyhedral expansion of M from §4, we get polyhedral expansions of M over 
L and also over K. In a particular case of complete L and K relative to their 
uniformities the manifold M is complete together with H, that is M = M 
and H = H, consequently, M as the topological space is homeomorphic to 
lim S. 
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